We propose an efficient protocol for braiding atomic Majorana fermions in wire networks with AMO techniques and demonstrate its robustness against experimentally relevant errors. Based on this protocol we provide a topologically protected implementation of the Deutsch-Josza algorithm.
The prediction of particles with anyonic statistics in topological phases of matter has resulted in the proposal of decoherence-free Topological Quantum Computation (TQC) [1] [2] [3] . TQC requires the creation of anyonic particles as well as their controlled interchange, known as braiding, which is the fundamental building block of topological quantum gates [4, 5] . While the implementation of these tasks in real physical systems is an outstanding challenge, the reported observation of anyonic Majorana fermions (MFs) in hybrid superconductor-semiconductor nanowire devices [6] [7] [8] and the proposals for the manipulation [9] [10] [11] of anyonic Majorana fermions (MFs) in solid state systems are promising first steps in this direction [11] [12] [13] [14] [15] [16] . A complementary and promising approach towards realizing and coherently control MFs are ultracold atoms confined to 1D optical lattices coupled to BCS or molecular atomic reservoirs. The recent realization of a quantum gas microscope [17, 18] for optical lattices adds single site addressing and measurement to the toolbox of possible atomic operations to create and detect MFs [19] [20] [21] .
Building on these experimental advances, we describe in this Letter an efficient braiding protocol for atomic MFs, based on performing simple lattice operations on a few sites in an array of 1D wires, and we provide a careful study of the full braiding dynamics including imperfections. In addition, we will show that these elementary braiding operations, although they do not represent the complete set of quantum gates [22, 23] , can be combined to realize a Deutsch-Jozsa algorithm [24] , demonstrating that the implementation of simple quantum algorithms in atomic topological setups is within experimental reach.
Braiding of atomic Majorana fermions. We consider a system of single component fermions that are confined to an array of one-dimensional (1D) wires of L sites (see Fig. 1 ) and that are governed by a Hamil-
j=1 −Ja † n,j a n,j+1 + ∆a n,j a n,j+1 + h.c. − µ n a † n a n realizes a Kitaev chain [25] in the n-th wire. The operators a † n,j and a n,j are fermionic creation and annihilation operators, J > 0 and ∆ ∈ R are nearest-neighbor hopping and pairing terms, and µ is a chemical potential. As demonstrated in [19] , a Hamiltonian of the form H ping term arises naturally in an optical lattice setup, the pairing term can be realized by a Raman induced dissociation of Cooper pairs (or Feshbach molecules) forming an atomic BCS reservoir.
It has been shown in [25] that the Hamiltonian H (n) supports zero energy Majorana fermions of the form γ
n,j which are localized at the left/right end of the n-th wire. Here, c n,2j−1 = a † n,j + a n,j and c n,2j = (−i)(a † n,j − a n,j ) are Majorana operators fulfilling {c n,k , c m,l } = 2δ kl δ mn . For the "ideal" quantum wire (J = |∆|, µ = 0), one has v L/R decay exponentially inside the bulk. Each wire has two degenerate ground states |0 n and |1 n with even and odd parity, respectively, corresponding to the presence or absence of the Majorana fermion
For a proposal how to prepare MFs in the desired parity subspace see [20] .
Since MFs exhibit anyonic statistics, an appropriate interchange of two Majorana modes, γ 1,2 , allows to realize the braiding unitary U b = e πγ1γ2/4 . This interchange which leads to the transformation γ 1 → −γ 2 , γ 2 → γ 1 resulting in a non-trivial phase factor for the wave function is the key step for realizing a TQC. In the following we present a protocol for a cold atom implementation that allows to realize braiding. To this end, we con- sider two neighboring wires n and n + 1 governed by two ideal Kitaev Hamiltonians H (n) and H (n+1) . The use of ideal wires allows for a simple analytic treatment because only six Majorana operators are involved in the protocol. It is convenient to label the sites by (w, j), where w = u, l denotes the upper (n) resp. lower (n + 1) wire and j = 1, . . . , L. We label the sites that are involved in our protocol as s 1 = (u, 1), s 2 = (u, 2), s 3 = (l, 1) and s 4 = (l, 2) (see Fig. 2 ). To simplify notation, we write c u,j ≡ c j , and c l,j ≡ d j with Majorana modes γ
Let us now show how to braid the left Majorana modes γ si, sj = Ja si a sj + h.c. between the neighboring sites s i and s j , and (iii) the local potential H (lp) si = 2V a † si a si on site s i . Note that a combination of (i) and (ii) allows to switch on/off the Kitaev coupling H
si, sj . These operations are based on the single site/link addressing available in cold atom experiments [17, 26] .
Let us now describe the braiding protocol in detail. The physical process behind is the transfer of one fermion from the system (i. e. either from the upper or from the lower wire) into the lower wire. We characterize the required adiabatic changes via a time-dependent parameter φ t that varies from 0 to π/2, and perform them in four steps. In describing these steps, we will only write down the Hamiltonian for the four involved sites and follow the evolution of the zero modes which are always separated by a finite gap from the rest of the spectrum.
Step I: We decouple the two very left sites, s 1 and s 3 from the system by switching off the couplings H (K) si, sj between sites s 1 − s 2 and s 3 − s 4 , and, at the same time, switch on the hopping between sites s 1 − s 3 :
During this process the zero modes evolve accord-
Note that the two decoupled sites s 1 and s 3 carry exactly one fermion which has been taken out of the system.
Step II: We put now this fermion in the lower wire by switching on H 
The zero modes evolve as γ
L ) has already been moved from the upper (lower) to the lower (upper) wire. However, two additional steps are needed to recover the original configuration of the wires.
Step III: We move the Majorana mode from the site s 1 to the site s 3 by switching on H 
The evolution of the zero mode γ
Step IV: Finally, we switch off H 
The zero modes are given by γ
L of left the Majorana modes on the wires n and n + 1, which corresponds (up to unimportant phase factor) to the unitary
Note that the braiding in the other direction, U † n and γ
L , can be achieved by putting the uncoupled fermion in the upper (instead of the lower) wire with a simple modification of Steps II-IV. The braiding results in the change of the correlation functions of the Majorana operators (see Fig. 2 ) and thus changes also the long-range fermionic correlations. This can also be translated into the change of the fermionic parities of the wires: If |0 n (|1 n ) denotes the state of the n-th wire with even (odd) parity and, for example, we start from the state |0 n 0 n+1 with both wires with even parity, then the braiding U n results in U n |0 n 0 n+1 = (|0 n 0 n+1 + |1 n 1 n+1 )/ √ 2, and U 2 n |0 n 0 n+1 = |1 n 1 n+1 . The result of the braiding, therefore, can be checked by measuring the change of the Majorana correlation functions in Time-of-Flight or spectroscopic experiments [20] , or by measuring the parity of the wires by counting the number of fermions modulo two [18] .
Non-ideal wires and non-perfect operations. We have just demonstrated the braiding for the case of ideal Kitaev wires and perfect local operations (single site/link addressing). Remarkably, the topological origin of the Majorana modes ensures the robustness of the results of the braiding protocol based on Steps I-IV also in the realistic case of non-ideal wires and local operations provided the Majorana modes are spatially well-separated. We have checked this numerically by considering two nonideal wires with J = |∆|, µ = 0 and assuming that the local operations have an error α in the following sense: (i) Switching on the hopping J and/or the pairing ∆ between the sites (u, 1) − (d, 1), also introduces the hopping Jα and/or the pairing α∆ between the adjacent sites (u, 2) − (d, 2). (ii) Switching off the couplings between the sites (w, 1) − (w, 2) also reduces the couplings between the sites (w, 2) − (w, 3) by a factor (1 − α). (iii) Raising the local potential V on the site (u, 1) results in a local potential αV on the neighboring sites (u, 2) and (l, 1). As an example, we present in Fig. 3 braiding. Braid group. It is also easy to check that the unitary transformations U n of the Majorana operators corresponding to the braiding protocol fullfill all necessary conditions of the braid group [2] : For any two braiding unitaries U n and U n+1 , one has U n U n+1 = U n+1 U n and
To demonstrate this, consider three wires with left Majorana modes γ
L , and braiding unitaries
L , respectively. The braid group conditions for U 1 and U 2 then immediately follow from the following formulae
These properties can be tested experimentally by measuring the corresponding changes of the fermionic correlation functions. For example, the action of Fig. 4 ). This change in the correlation functions can be measured, for example, in TOF or spectroscopic experiments as proposed in Ref. [20] .
Deutsch-Josza algorithm. Although the braiding of MFs is robust, it does not provide a tool to construct a universal set of gates needed for TQC: As it has been shown in Ref. [23] , only a subgroup of the Clifford group can be realized via braiding. Fortunately, not all QC algorithms require a universal set of gates. One example is the Deutsch-Josza algorithm [24] which, as we will show below, can be implemented for two qubits in a remarkably efficient way via braiding of MFs.
The Deutsch-Josza algorithm allows to determine whether the function ("oracle") g(x) which is defined on the space of states of n qubits and takes the values 0 or 1, g : {|0 , |1 } ⊗n → {0, 1}, is constant (has the same value, say, 0, for all inputs) or balanced (takes value 0 for half of the inputs, and 1 for the other half). For the algorithm to work, the function g has to be implemented as the unitary U g : |x → (−1)
g(x) |x , where |x ∈ {|0 , |1 } ⊗n , which is actually a major problem for experimental realizations: A faulty oracle spoils the quantum speedup [27] .
For two qubits with the computational basis {|00 , |01 , |10 , |11 }, a possible choice for U g is
for the constant g 0 and the balanced g 1 , g 2 , and g 3 oracle functions, respectively. (Note that an equivalent set of oracles can be obtained by multiplying the above unitaries with −1.) The algorithm works then in the following way: After preparing the system in the state |00 , we apply the Hadamard gate H to each qubit, H |0 = (|0 + |1 )/ √ 2, H |1 = (|0 − |1 )/ √ 2, then we apply the unitary U g corresponding to the oracle under test, then again the Hadamard gate to each qubit, and, finally, we measure the probability to find the system in the state |00 . This probability is 1 if g(x) is constant, and 0 if g(x) is balanced, as can be seen from the following calculations
where we define x = (x 1 , x 2 ) and y = (y 1 , y 2 ) with x i , y i ∈ {0, 1}, and x · y = x 1 y 1 + x 2 y 2 . To implement the above algorithm, we use a setup of three quantum wires in the geometry shown in Fig. 5 and define a computational basis for two qubits as [22] . Here |0 f is the vacuum state for fermionic modes two qubits [28] . This is because the braiding preserves fermionic parity and, therefore, all states from the computational basis must have the same parity (odd in our case). The Hadamard gates and the oracle unitaries U gi can be implemented by noting that the braiding of Majorana modes γ i and γ j is equivalent to the unitary
Then, it follows immediately that H ⊗ 1 = U 12 U 23 U 12 and 1 ⊗ H = U 56 U 45 U 56 for the Hadamard gates acting on the first and the second qubit, respectively, and U g1 = U 2 12 , U g2 = U 2 34 , and U g3 = U 2 56 for the oracle unitaries (U g0 = 1). As a result, the Deutsch-Josza-algorithm can be realized with 14 braiding operations. In our case, however, the number of operations can be reduced to nine: The sequence
acting on |00 gives U 0 |00 = |00 for the constant case and U 1 |00 = i|10 , U 2 |00 = |11 , and U 3 |00 = i|01 for the balanced case. Note also that this protocol can be implemented in five steps because operations on the Majorana modes γ 1,2,3 and γ 4,5,6 before and after the oracle unitary U gi can be performed in parallel. The final state of the system and, therefore, the probability to find it in the state |00 , can be determined by measuring the parities of the individual wires in a spectroscopic experiment [20] or fermionic number counting [18] . Taking into account the discussed insensitivity of the braiding to experimental imperfections, the proposed protocol provides a robust implementation of the Deutsch-Josza algorithm.
Conclusion. We have presented an efficient way of braiding MFs in a cold-atom setup and used it to implement the Deutsch-Josza algorithm in a topologically protected way. By adding well-controlled though topologically unprotected operations (e.g. the SWAP-gate), one can go beyond the braid group and provide a universal "hybrid" set of gates for quantum computation (see also Ref. [29, 30] ). We address this issue in our future work.
